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Abstract
Let X,Y be linear spaces. It is shown that if a mapping Q :X → Y satisfies the following functional
equation:
Q
((
n∑
i=1
zi
)
−
(
n∑
i=1
xi
))
+ Q
((
n∑
i=1
zi
)
−
(
n∑
i=1
yi
))
= 1
2
Q
((
n∑
i=1
xi
)
−
(
n∑
i=1
yi
))
+ 2Q
((
n∑
i=1
zi
)
− (
∑n
i=1 xi) + (
∑n
i=1 yi)
2
)
(0.1)
then the mapping Q :X → Y is quadratic. We moreover prove the Hyers–Ulam stability of the functional
equation (0.1) in Banach spaces.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction
The stability problem of functional equations originated from a question of S.M. Ulam [21]
concerning the stability of group homomorphisms: Let (G1,∗) be a group and let (G2,, d) be
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mapping h :G1 → G2 satisfies the inequality
d
(
h(x ∗ y),h(x)  h(y))< δ
for all x, y ∈ G1, then there is a homomorphism H :G1 → G2 with
d
(
h(x),H(x)
)
< 
for all x ∈ G1? If the answer is affirmative, we would say the equation of homomorphism
H(x ∗ y) = H(x)  H(y) stable. The concept of stability for a functional equation arises when
we replace the functional equation by an inequality which acts as a perturbation of the equation.
Thus the stability question of functional equations is that how do the solutions of the inequality
differ from those of the given functional equation?
D.H. Hyers [9] gave a first affirmative answer to the question of Ulam for Banach spaces. Let
X and Y be Banach spaces. Assume that f :X → Y satisfies∥∥f (x + y) − f (x) − f (y)∥∥ ε
for all x, y ∈ X and some ε  0. Then there exists a unique additive mapping T :X → Y such
that ∥∥f (x) − T (x)∥∥ ε
for all x ∈ X. Th.M. Rassias [17] succeeded in extending the result of Hyers by weakening
the condition for the Cauchy difference to be unbounded. A number of mathematicians were
attracted to this result of Th.M. Rassias and stimulated to investigate the stability problems of
functional equations. The stability phenomenon that was introduced and proved by Th.M. Ras-
sias in his 1978 paper is called the Hyers–Ulam stability. G.L. Forti [5] and P. Gaˇvruta [8] have
generalized the result of Th.M. Rassias, which permitted the Cauchy difference to become arbi-
trary unbounded. The stability problems of several functional equations have been extensively
investigated by a number of authors and there are many interesting results concerning this prob-
lem. A large list of references can be found, for example, in the papers [2,6,7,10–19].
Now, a square norm on an inner product space satisfies the important parallelogram equality
‖x + y‖2 + ‖x − y‖2 = 2(‖x‖2 + ‖y‖2)
for all vectors x, y. The following functional equation, which was motivated by this equation,
Q(x + y) + Q(x − y) = 2Q(x) + 2Q(y), (1.1)
is called a quadratic functional equation, and every solution of Eq. (1.1) is said to be a quadratic
mapping.
F. Skof [20] proved the Hyers–Ulam stability of the quadratic functional equation (1.1) for
mappings f :E1 → E2, where E1 is a normed space and E2 is a Banach space. In [4], S. Czerwik
proved the Hyers–Ulam stability of the quadratic functional equation. C. Borelli and G.L. Forti
[3] generalized the stability result as follows: let G be an abelian group, E a Banach space.
Assume that a mapping f :G → E satisfies the functional inequality∥∥f (x + y) + f (x − y) − 2f (x) − 2f (y)∥∥ ϕ(x, y)
for all x, y ∈ G, and ϕ :G × G → [0,∞) is a function such that
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∞∑
i=0
1
4i+1
ϕ
(
2ix,2iy
)
< ∞
for all x, y ∈ G. Then there exists a unique quadratic mapping Q :G → E with the properties∥∥f (x) − Q(x)∥∥Φ(x,x)
for all x ∈ G. Jun and Lee [14] proved the Hyers–Ulam stability of the Pexiderized quadratic
equation
f (x + y) + g(x − y) = 2h(x) + 2k(y)
for mappings f,g,h and k.
In an inner product space, the equality
‖z − x‖2 + ‖z − y‖2 = 1
2
‖x − y‖2 + 2
∥∥∥∥z − x + y2
∥∥∥∥2
holds, and is called the Apollonius’ identity. The following functional equation, which was mo-
tivated by this equation,
Q(z − x) + Q(z − y) = 1
2
Q(x − y) + 2Q
(
z − x + y
2
)
, (1.2)
is quadratic. For this reason, the functional equation (1.2) is called a quadratic functional equa-
tion of Apollonius type, and each solution of the functional equation (1.2) is said to be a quadratic
mapping of Apollonius type. The quadratic functional equation and several other functional equa-
tions are useful to characterize inner product spaces [1].
In this paper, employing the above equality (1.2), we introduce the new functional equation,
which is called the generalized Apollonius type quadratic functional equation and whose solution
of the functional equation is said to be a generalized Apollonius type quadratic mapping,
Q
((
n∑
i=1
zi
)
−
(
n∑
i=1
xi
))
+ Q
((
n∑
i=1
zi
)
−
(
n∑
i=1
yi
))
= 1
2
Q
((
n∑
i=1
xi
)
−
(
n∑
i=1
yi
))
+ 2Q
((
n∑
i=1
zi
)
− (
∑n
i=1 xi) + (
∑n
i=1 yi)
2
)
. (1.3)
As a special case, if n = 1 in (1.3), then the functional equation (1.3) reduces to
Q(z − x) + Q(z − y) = 1
2
Q(x − y) + 2Q
(
z − x + y
2
)
.
We are going to show that the generalized Apollonius type quadratic functional equation (1.3)
is quadratic, and prove the Hyers–Ulam stability of generalized Apollonius type quadratic map-
pings in Banach spaces.
2. Hyers–Ulam stability of a generalized Apollonius type quadratic mapping
Throughout this section, let X be a normed space with norm ‖ · ‖ and Y a Banach space with
norm ‖ · ‖.
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f
((
n∑
i=1
zi
)
−
(
n∑
i=1
xi
))
+ f
((
n∑
i=1
zi
)
−
(
n∑
i=1
yi
))
= 1
2
f
((
n∑
i=1
xi
)
−
(
n∑
i=1
yi
))
+ 2f
((
n∑
i=1
zi
)
− (
∑n
i=1 xi) + (
∑n
i=1 yi)
2
)
(2.1)
for all x1, . . . , xn ∈ X, then the mapping f :X → Y is quadratic.
Proof. Suppose that a mapping f :X → Y satisfies the equality (2.1). Letting z2 = · · · = zn =
x2 = · · · = xn = y2 = · · · = yn = 0 and y1 = −x1, we get
f (z1 − x1) + f (z1 + x1) = 12f (2x1) + 2f (z1) (2.2)
for all x1, z1 ∈ X. Letting z1 = x1 in (2.2), we get
f (2x1) = 12f (2x1) + 2f (x1)
for all x1 ∈ X. So
f (2x1) = 4f (x1)
for all x1 ∈ X. It follows from (2.2) that
f (z1 + x1) + f (z1 − x1) = 2f (z1) + 2f (x1)
for all x1, z1 ∈ X. Thus the mapping f :X → Y is quadratic. 
Given a mapping f :X → Y , we define Df :X3n → Y by
Df (z1, . . . , zn, x1, . . . , xn, y1, . . . , yn)
= f
((
n∑
i=1
zi
)
−
(
n∑
i=1
xi
))
+ f
((
n∑
i=1
zi
)
−
(
n∑
i=1
yi
))
− 1
2
f
((
n∑
i=1
xi
)
−
(
n∑
i=1
yi
))
+ 2f
((
n∑
i=1
zi
)
− (
∑n
i=1 xi) − (
∑n
i=1 yi)
2
)
for all z1, . . . , zn, x1, . . . , xn, y1, . . . , yn ∈ X.
Theorem 2.2. Let f :X → Y be a mapping satisfying f (0) = 0 for which there exists a function
ϕ :X3n → [0,∞) such that
ϕ˜(z1, . . . , zn, x1, . . . , xn, y1, · · · , yn)
=
∞∑
j=0
4jϕ
(
z1
2j
, . . . ,
zn
2j
,
x1
2j
, . . . ,
xn
2j
,
y1
2j
, . . . ,
yn
2j
)
< ∞, (2.3)
∥∥Df (z1, . . . , zn, x1, . . . , xn, y1, . . . , yn)∥∥ ϕ(z1, . . . , zn, x1, . . . , xn, y1, . . . , yn) (2.4)
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type quadratic mapping Q :X → Y such that
∥∥f (x) − Q(x)∥∥ 2ϕ˜( x
n
, . . . ,
x
n︸ ︷︷ ︸
2n times
,0, . . . ,0︸ ︷︷ ︸
n times
)
(2.5)
for all x ∈ X.
Proof. Letting z1 = · · · = zn = x1 = · · · = xn = x and y1 = · · · = yn = 0 in (2.4), we get∥∥∥∥f (nx) − 12f (nx) − 2f
(
n
2
x
)∥∥∥∥ ϕ(x, . . . , x︸ ︷︷ ︸
2n times
,0, . . . ,0︸ ︷︷ ︸
n times
)
for all x ∈ X. So∥∥∥∥f (x) − 4f
(
1
2
x
)∥∥∥∥ 2ϕ
(
x
n
, . . . ,
x
n︸ ︷︷ ︸
2n times
,0, . . . ,0︸ ︷︷ ︸
n times
)
(2.6)
for all x ∈ X. Hence∥∥∥∥4lf
(
x
2l
)
− 4mf
(
x
2m
)∥∥∥∥ m−1∑
j=l
2 · 4j ϕ
(
x
2j n
, . . . ,
x
2j n︸ ︷︷ ︸
2n times
,0, . . . ,0︸ ︷︷ ︸
n times
)
(2.7)
for all nonnegative integers m and l with m > l and all x ∈ X. It follows from (2.3) and (2.7) that
the sequence {4df (x/2d)} is a Cauchy sequence for all x ∈ X. Since Y is complete, the sequence
{4df (x/2d)} converges. So one can define the mapping Q :X → Y by
Q(x) := lim
d→∞ 4
df
(
x
2d
)
for all x ∈ X.
By (2.3) and (2.4),∥∥DQ(z1, . . . , zn, x1, . . . , xn, y1, . . . , yn)∥∥
= lim
d→∞ 4
d
∥∥∥∥Df
(
z1
2d
, . . . ,
zn
2d
,
x1
2d
, . . . ,
xn
2d
,
y1
2d
, . . . ,
yn
2d
)∥∥∥∥
 lim
d→∞ 4
dϕ
(
z1
2d
, . . . ,
zn
2d
,
x1
2d
, . . . ,
xn
2d
,
y1
2d
, . . . ,
yn
2d
)
= 0
for all z1, . . . , zn, x1, . . . , xn, y1, . . . , yn ∈ X. So
DQ(z1, . . . , zn, x1, . . . , xn, y1, . . . , yn) = 0.
By Lemma 2.1, the mapping Q :X → Y is quadratic. Moreover, letting l = 0 and passing the
limit m → ∞ in (2.7), we get (2.5). So there exists a generalized Apollonius type quadratic
mapping Q :X → Y satisfying (2.5).
Now let Q′ :X → Y be another generalized Apollonius type quadratic mapping satisfy-
ing (2.5). Then we have
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(
x
2d
)
− Q′
(
x
2d
)∥∥∥∥
 4d
(∥∥∥∥Q
(
x
2d
)
− f
(
x
2d
)∥∥∥∥+
∥∥∥∥Q′
(
x
2d
)
− f
(
x
2d
)∥∥∥∥
)
 2 · 4d ϕ˜
(
x
2dn
, . . . ,
x
2dn︸ ︷︷ ︸
2n times
,0, . . . ,0︸ ︷︷ ︸
n times
)
,
which tends to zero as d → ∞ for all x ∈ X. So we can conclude that Q(x) = Q′(x) for all
x ∈ X. This proves the uniqueness of Q. 
Corollary 2.3. Let p > 2 and θ be positive real numbers, and let f :X → Y be a mapping
satisfying f (0) = 0 and
∥∥Df (z1, . . . , zn, x1, . . . , xn, y1, . . . , yn)∥∥ θ
(
n∑
j=1
‖zj‖p +
n∑
j=1
‖xj‖p +
n∑
j=1
‖yj‖p
)
for all z1, . . . , zn, x1, . . . , xn, y1, . . . , yn ∈ X. Then there exists a unique generalized Apollonius
type quadratic mapping Q :X → Y such that
∥∥f (x) − Q(x)∥∥ 2p+2θ
(2p − 4)np−1 ‖x‖
p
for all x ∈ X.
Proof. Define
ϕ(z1, . . . , zn, x1, . . . , xn, y1, . . . , yn) = θ
(
n∑
j=1
‖zj‖p +
n∑
j=1
‖xj‖p +
n∑
j=1
‖yj‖p
)
,
and apply Theorem 2.2. 
Theorem 2.4. Let f :X → Y be a mapping satisfying f (0) = 0 for which there exists a function
ϕ :X3n → [0,∞) satisfying (2.4) such that
ϕ˜(z1, . . . , zn, x1, . . . , xn, y1, . . . , yn)
=
∞∑
j=1
1
4j
ϕ
(
2j z1, . . . ,2j zn,2j x1, . . . ,2j xn,2j y1, . . . ,2j yn
)
< ∞ (2.8)
for all z1, . . . , zn, x1, . . . , xn, y1, . . . , yn ∈ X. Then there exists a unique generalized Apollonius
type quadratic mapping Q :X → Y such that
∥∥f (x) − Q(x)∥∥ 2ϕ˜( x
n
, . . . ,
x
n︸ ︷︷ ︸
2n times
,0, . . . ,0︸ ︷︷ ︸
n times
)
(2.9)
for all x ∈ X.
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∥∥∥∥ 12ϕ
(
2x
n
, . . . ,
2x
n︸ ︷︷ ︸
2n times
,0, . . . ,0︸ ︷︷ ︸
n times
)
for all x ∈ X. Hence∥∥∥∥ 14l f (2lx)− 14mf (2mx)
∥∥∥∥ m∑
j=l+1
2
4j
ϕ
(
2j x
n
, . . . ,
2j x
n︸ ︷︷ ︸
2n times
,0, . . . ,0︸ ︷︷ ︸
n times
)
(2.10)
for all nonnegative integers m and l with m > l and all x ∈ X. It follows from (2.8) and (2.10)
that the sequence
{ 1
4d f (2
dx)
}
is a Cauchy sequence for all x ∈ X. Since Y is complete, the
sequence
{ 1
4d f (2
dx)
}
converges. So one can define the mapping Q :X → Y by
Q(x) := lim
d→∞
1
4d
f
(
2dx
)
for all x ∈ X.
By (2.8) and (2.4),∥∥DQ(z1, . . . , zn, x1, . . . , xn, y1, . . . , yn)∥∥
= lim
d→∞
1
4d
∥∥Df (2dz1, . . . ,2dzn,2dx1, . . . ,2dxn,2dy1, . . . ,2dyn)∥∥
 lim
d→∞
1
4d
ϕ
(
2dz1, . . . ,2dzn,2dx1, . . . ,2dxn,2dy1, . . . ,2dyn
)= 0
for all z1, . . . , zn, x1, . . . , xn, y1, . . . , yn ∈ X. So
DQ(z1, . . . , zn, x1, . . . , xn, y1, . . . , yn) = 0.
By Lemma 2.1, the mapping Q :X → Y is quadratic. Moreover, letting l = 0 and passing the
limit m → ∞ in (2.10), we get (2.9). So there exists a generalized Apollonius type quadratic
mapping Q :X → Y satisfying (2.9).
The rest of the proof is similar to the proof of Theorem 2.2. 
Corollary 2.5. Let p < 2 and θ be positive real numbers, and let f :X → Y be a mapping
satisfying f (0) = 0 and
∥∥Df (z1, . . . , zn, x1, . . . , xn, y1, . . . , yn)∥∥ θ
(
n∑
j=1
‖zj‖p +
n∑
j=1
‖xj‖p +
n∑
j=1
‖yj‖p
)
for all z1, . . . , zn, x1, . . . , xn, y1, . . . , yn ∈ X. Then there exists a unique generalized Apollonius
type quadratic mapping Q :X → Y such that
∥∥f (x) − Q(x)∥∥ 2p+2θ
(4 − 2p)np−1 ‖x‖
p
for all x ∈ X.
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ϕ(z1, . . . , zn, x1, . . . , xn, y1, . . . , yn) = θ
(
n∑
j=1
‖zj‖p +
n∑
j=1
‖xj‖p +
n∑
j=1
‖yj‖p
)
,
and apply Theorem 2.4. 
Theorem 2.6. Let f :X → Y be a mapping satisfying f (0) = 0 for which there exists a function
ϕ :X3n → [0,∞) satisfying (2.4) such that
ϕ˜(z1, . . . , zn, x1, . . . , xn, y1, . . . , yn)
=
∞∑
j=0
1
4j
ϕ
(
2j z1, . . . ,2j zn,2j x1, . . . ,2j xn,2j y1, . . . ,2j yn
)
< ∞ (2.11)
for all z1, . . . , zn, x1, . . . , xn, y1, . . . , yn ∈ X. Then there exists a unique generalized Apollonius
type quadratic mapping Q :X → Y such that
∥∥f (x) − Q(x)∥∥ 1
2
ϕ˜
(
x
n
, . . . ,
x
n︸ ︷︷ ︸
2n times
,−x
n
, . . . ,−x
n︸ ︷︷ ︸
n times
)
(2.12)
for all x ∈ X.
Proof. Letting z1 = · · · = zn = x1 = · · · = xn = x and y1 = · · · = yn = −x in (2.4), we get∥∥∥∥f (2nx) − 12f (2nx) − 2f (nx)
∥∥∥∥ ϕ(x, . . . , x︸ ︷︷ ︸
2n times
,−x, . . . ,−x︸ ︷︷ ︸
n times
)
for all x ∈ X. So∥∥∥∥f (x) − 14f (2x)
∥∥∥∥ 12ϕ
(
x
n
, . . . ,
x
n︸ ︷︷ ︸
2n times
,−x
n
, . . . ,−x
n︸ ︷︷ ︸
n times
)
(2.13)
for all x ∈ X. Hence∥∥∥∥ 14l f (2lx)− 14mf (2mx)
∥∥∥∥ m−1∑
j=l
1
2 · 4j ϕ
(
2j x
n
, . . . ,
2j x
n︸ ︷︷ ︸
2n times
,−2
j x
n
, . . . ,−2
j x
n︸ ︷︷ ︸
n times
)
(2.14)
for all nonnegative integers m and l with m > l and all x ∈ X. It follows from (2.11) and (2.14)
that the sequence
{ 1
4d f (2
dx)
}
is a Cauchy sequence for all x ∈ X. Since Y is complete, the
sequence
{ 1
4d f (2
dx)
}
converges. So one can define the mapping Q :X → Y by
Q(x) := lim
d→∞
1
4d
f
(
2dx
)
for all x ∈ X.
By (2.11) and (2.4),
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= lim
d→∞
1
4d
∥∥Df (2dz1, . . . ,2dzn,2dx1, . . . ,2dxn,2dy1, . . . ,2dyn)∥∥
 lim
d→∞
1
4d
ϕ
(
2dz1, . . . ,2dzn,2dx1, . . . ,2dxn,2dy1, . . . ,2dyn
)= 0
for all z1, . . . , zn, x1, . . . , xn, y1, . . . , yn ∈ X. So
DQ(z1, . . . , zn, x1, . . . , xn, y1, . . . , yn) = 0.
By Lemma 2.1, the mapping Q : X → Y is quadratic. Moreover, letting l = 0 and passing the
limit m → ∞ in (2.14), we get (2.12). So there exists a generalized Apollonius type quadratic
mapping Q :X → Y satisfying (2.12).
The rest of the proof is similar to the proof of Theorem 2.2. 
Corollary 2.7. Let p < 2 and θ be positive real numbers, and let f :X → Y be a mapping
satisfying f (0) = 0 and
∥∥Df (z1, . . . , zn, x1, . . . , xn, y1, . . . , yn)∥∥ θ
(
n∑
j=1
‖zj‖p +
n∑
j=1
‖xj‖p +
n∑
j=1
‖yj‖p
)
for all z1, . . . , zn, x1, . . . , xn, y1, . . . , yn ∈ X. Then there exists a unique generalized Apollonius
type quadratic mapping Q :X → Y such that∥∥f (x) − Q(x)∥∥ 6θ
(4 − 2p)np−1 ‖x‖
p
for all x ∈ X.
Proof. Define
ϕ(z1, . . . , zn, x1, . . . , xn, y1, . . . , yn) = θ
(
n∑
j=1
‖zj‖p +
n∑
j=1
‖xj‖p +
n∑
j=1
‖yj‖p
)
,
and apply Theorem 2.6. 
Theorem 2.8. Let f :X → Y be a mapping satisfying f (0) = 0 for which there exists a function
ϕ :X3n → [0,∞) satisfying (2.4) such that
ϕ˜(z1, . . . , zn, x1, . . . , xn, y1, . . . , yn)
=
∞∑
j=1
4jϕ
(
z1
2j
, . . . ,
zn
2j
,
x1
2j
, . . . ,
xn
2j
,
y1
2j
, . . . ,
yn
2j
)
< ∞ (2.15)
for all z1, . . . , zn, x1, . . . , xn, y1, . . . , yn ∈ X. Then there exists a unique generalized Apollonius
type quadratic mapping Q :X → Y such that
∥∥f (x) − Q(x)∥∥ 1
2
ϕ˜
(
x
n
, . . . ,
x
n︸ ︷︷ ︸
2n times
,−x
n
, . . . ,−x
n︸ ︷︷ ︸
n times
)
(2.16)
for all x ∈ X.
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(
x
2
)∥∥∥∥ 2ϕ
(
x
2n
, . . . ,
x
2n︸ ︷︷ ︸
2n times
, − x
2n
, . . . ,− x
2n︸ ︷︷ ︸
n times
)
for all x ∈ X. Hence∥∥∥∥4lf
(
x
2l
)
− 4mf
(
x
2m
)∥∥∥∥ m∑
j=l+1
4j
2
ϕ
(
x
2j n
, . . . ,
x
2j n︸ ︷︷ ︸
2n times
, − x
2j n
, . . . ,− x
2j n︸ ︷︷ ︸
n times
)
(2.17)
for all nonnegative integers m and l with m > l and all x ∈ X. It follows from (2.15) and (2.17)
that the sequence {4df (x/2d)} is a Cauchy sequence for all x ∈ X. Since Y is complete, the
sequence {4df (x/2d)} converges. So one can define the mapping Q :X → Y by
Q(x) := lim
d→∞ 4
df
(
x
2d
)
for all x ∈ X.
By (2.15) and (2.4),∥∥DQ(z1, . . . , zn, x1, . . . , xn, y1, . . . , yn)∥∥
= lim
d→∞ 4
d
∥∥∥∥Df
(
z1
2d
, . . . ,
zn
2d
,
x1
2d
, . . . ,
xn
2d
,
y1
2d
, . . . ,
yn
2d
)∥∥∥∥
 lim
d→∞ 4
dϕ
(
z1
2d
, . . . ,
zn
2d
,
x1
2d
, . . . ,
xn
2d
,
y1
2d
, . . . ,
yn
2d
)
= 0
for all z1, . . . , zn, x1, . . . , xn, y1, . . . , yn ∈ X. So
DQ(z1, . . . , zn, x1, . . . , xn, y1, . . . , yn) = 0.
By Lemma 2.1, the mapping Q :X → Y is quadratic. Moreover, letting l = 0 and passing the
limit m → ∞ in (2.17), we get (2.16). So there exists a generalized Apollonius type quadratic
mapping Q :X → Y satisfying (2.16).
The rest of the proof is the same as in the proof of Theorem 2.2. 
Corollary 2.9. Let p > 2 and θ be positive real numbers, and let f :X → Y be a mapping
satisfying f (0) = 0 and
∥∥Df (z1, . . . , zn, x1, . . . , xn, y1, . . . , yn)∥∥ θ
(
n∑
j=1
‖zj‖p +
n∑
j=1
‖xj‖p +
n∑
j=1
‖yj‖p
)
for all z1, . . . , zn, x1, . . . , xn, y1, . . . , yn ∈ X. Then there exists a unique generalized Apollonius
type quadratic mapping Q :X → Y such that∥∥f (x) − Q(x)∥∥ 6θ
(2p − 4)np−1 ‖x‖
p
for all x ∈ X.
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ϕ(z1, . . . , zn, x1, . . . , xn, y1, . . . , yn) = θ
(
n∑
j=1
‖zj‖p +
n∑
j=1
‖xj‖p +
n∑
j=1
‖yj‖p
)
,
and apply Theorem 2.8. 
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